We present affine Lie algebras generated by the supercovariant derivatives and the supersymmetry generators for the left and right moving modes in the doubled space. Chirality is manifest in our doubled space as well as the T-duality symmetry. We present gauge invariant bosonic and superstring actions preserving the two-dimensional diffeomorphism invariance and the κ-symmetry where doubled spacetime coordinates are chiral fields. The doubled space becomes the usual space by dimensional reduction constraints.
Introduction
The low energy effective field theory of the string theory has the T-duality symmetry. The worldsheet origin of the T-duality is mixing of momenta and winding modes of a string. These string modes are generalized to the supercovariant derivatives for a superstring which satisfy the affine super-Lie algebra [1] - [3] . Doubling spacetime coordinates makes the T-duality manifest [4] - [7] . A manifestly T-duality formulation based on the affine Lie algebra in the doubled space was proposed in [7] . The affine Lie algebra determines the new Lie bracket or equivalently C-bracket which gives rise to the stringy modification of the general coordinate transformation. The generalized geometry proposed in [8] is described by the Courant bracket which is reduced from the C-bracket by the dimensional reduction. The generalized geometry and the double field theory have been widely studied [9] - [15] and review articles are [16, 17] .
Recently we have proposed a manifestly T-duality formulation for a type II superstring [18, 19] and the one with the Ramond-Ramond gauge fields [20] . For a type II supersymmetric extension of the manifestly T-duality formalism chiral separation of affine Lie algebras is an essential problem. We specify chirality as left and right moving modes in a two dimensional worldsheet. Chiral currents for a bosonic string in a nonabelian background are constructed by the Wess-Zumion-Witten model [21] . A group element g = g(σ + )g ′ (σ − ) is considered where σ ± are the left and right moving twodimensional coordinates. The left moving current is constructed as the right-invariant current, ∂ + gg −1 = ∂ + gg −1 (σ + ), while the right moving current is constructed as the left-
However it is known that the local supersymmetry generator (supercovariant derivative) is obtained from the left-invariant current, while the global supersymmetry generator is obtained from the right-invariant current for supersymmetric theories. For a type II superstring theory both the supercovariant derivative and the supersymmetry generator must have both the left and right moving modes, not one for each. Although the chiral separation of the supercovariant derivative algebra for a superstring on the anti-de Sitter space is obtained on the constrained surface [22] , the chiral separation of currents for a superstring in nonabelian backgrounds is in general still difficult.
In our formulation we begin by two independent Lie groups G and G' which are parameterized by Z M and Z M ′ . For a direct product of the groups G×G' a group element satisfies g = g(
. Therefore the left-invariant and the right-invariant one forms contain both the left and right moving modes as g −1 dg =
. This is similar to the nonabelian currents given by Tseytlin [5] . The chiral scalar action used in that paper does not preserve the two-dimensional diffeomorphism invariance [23] . In our formulation a chiral scalar action preserves the two-dimensional diffeomorphism invariance allowing the κ-symmetry for the superstring action. The doubled coordinates are chiral fields, Z M (σ + ) and Z M ′ (σ − ). The stringy geometry is governed by the affine Lie algebras generated by the chiral supercovariant derivatives. The covariant derivatives are still manifestly chiral even after reducing into the usual space by dimensional reduction constraints, since the dimensional reduction constraints are given by the auxiliary symmetry generators.
In order to construct a doubled space there are two types of doubling of a group G:
1. Semidirect product, G→ G⋉G * :
A Lie group G is generated by g corresponding to derivative operators which include momenta, while another group G * is generated by g * corresponding to one form currents which include winding modes. This is a conventional way of doubling discussed in for example [24, 8, 33] . It gives the following inhomogeneous algebra
2. Direct product, G→G×G':
G and G' are independent copy and they are generated by g and g ′ corresponding to the left and right moving modes respectively. They satisfy the following algebra
It is straightforward to construct one form currents and derivative operators which satisfy (1.1). In terms of them we present a general construction of chiral currents satisfying (1.2). This construction requires that the Lie group must have a nondegenerate group metric and the Lie algebra must have grading by the canonical dimension.
The organization of the paper is the following: In the next section we present a general construction of chiral affine Lie algebras generated by the supercovariant derivative and the symmetry generator. We begin by a Lie algebra with a nondegenerate group metric [27, 28] . It is necessary to include the Lorentz S mn and its nondegenerate partner Σ mn for construction of two independent affine Lie algebras generated by the covariant derivative, P m , and the symmetry generator,P m . The Lie algebra is graded by a dilatation operator which plays an important role in this construction. Generators of the chiral affine algebras include the B field. For a flat background the B field can be written in terms of the dilatation operator.
In section 3 we present chiral affine Poincaré algebras in the doubled space and concrete expression of generators. A set of dimensional reduction constraints are examined which reduce the doubled space into the usual space with preserving the local geometry. We present an gauge invariant action for a bosonic string in the doubled space. Then we demonstrate that the string action in the doubled space is reduced into the usual action. In section 4 we present chiral affine super-Poincaré algebras in the doubled space. Then an gauge invariant action for a type II superstring in the doubled space is given. The super-doubled space is also reduced into the usual space.
Chiral affine Lie algebras
In this section we present a general construction of two sets of affine Lie algebras generated by the covariant derivatives and the symmetry generators.
• Affine Lie algebras Lie algebra G I particle → string affine Lie algebra ր covariant derivative∇ I →⊲ I (σ) ց symmetry generator∇ I →⊲ I (σ)
Next we double the Lie algebra as a direct product:
• Doubled chiral affine Lie algebras
The doubled coordinates manifest chirality as well as the T-duality symmetry. In subsection 2.1 at first for a given Lie algebra we construct the left-invariant current J, the right-invariant currentJ, the particle covariant derivative∇, and the particle symmetry generator∇. The derivatives and the currents satisfy the case 1 algebra in (1.1). The canonical dimensions of operators are expressed by an eigenvalue matrix of the dilatation operator. In subsection 2.2 the general construction of affine Lie algebras for the string covariant derivative⊲, and the string symmetry generator⊲. They are linear combinations of the particle derivatives,∇,∇, and the σ-components of the currents, J 1 ,J 1 , with the B field as coefficients. In subsection 2.3 the Lie algebra is doubled. This doubling corresponds to the case 2 algebra in (1.2). The way of the doubling gives chiral affine Lie algebras.
Derivative operators and one form currents
A Lie algebra is generated by G I with
where [A, B} = AB − (−) AB BA is the graded commutator. A nondegenerate group metric η IJ is introduced in such a way that the structure constant f IJ K with lowered indices becomes totally graded antisymmetric
We introduce a dilatation operatorN whose eigenvalues are canonical dimensions n I as
3)
The Jacobi identity of the dilatation operator,N, and Lie algebra generators, G I 's , gives an identity
The sum of canonical dimensions of a nondegenerate pair is set to be n 0 , and the sum of canonical dimensions of the lower indices of the structure constant in (2.4) becomes also n 0
We take n 0 = 2 in order to choose n P = 1 for η P P = 1. Particle derivatives of the Lie algebra∇ I and∇ I constructed at first. An element of the Lie group g = g(Z) is parameterized by the coordinates Z M . There are two kinds of currents which are invariant under right or left multiplicative actions:
• The left-invariant current and the particle covariant derivative generating the right multiplication g 0 → g 0 g :
• The right-invariant current (Noether current) and the particle symmetry generator generating the left multiplication g 0 → gg 0 :
• Independence of the right and left multiplications:
Particle derivatives are extended to the string affine algebra generators;∇ I →∇ I (σ) and∇ I →∇ I (σ). τ and σ components of currents are denoted by
1 carry the canonical dimension 2 − n I , since ∂ σ carries the canonical dimension 2 where α ′ is abbreviated. The indices of currents are lowered with η IJ as J I ≡ J L η LI andJ I ≡J L η LI , and they are covariant under∇ I and∇ I respectively. Derivatives and currents satisfy the case 1. semidirect
From the relation between currentsJ and J in (2.7) and (2.8)
The super-transpose of a matrix is given as (M T )
Affine Lie algebras and B field
We construct two independent sets of affine Lie algebras generated by the covariant derivative and by the symmetry generator.
• Covariant derivative⊲ I :
• Symmetry generator⊲ I :
• The covariant derivative⊲ I and the symmetry generator⊲ I commute with each other, 
Vanishing the coefficient of ∂ σ δ(2 − 1) in (2.20) leads tõ
Vanishing the coefficient of δ(2 − 1) in (2.20) using with (2.16) leads to
A simple solution of b IJ andb IJ is obtained from the Jacobi relation for N I J given in (2.4) as
In this solution B IJ is constant and M I J depends on parameters. There is ambiguity in solutions of b IJ andb IJ , which can be interchanged. The generators of the affine algebras are given as the followings:
The B field in the Wess-Zumino term is written as
The three form H = dB is written from (2.24) as 28) and it is closed
"Chirality" from doubling
Now we double the algebra (2.1) together with the nondegenerate metric (2.2) in the second way of doubling in (1.2) G×G'. Indices are denoted by M = (M,M ′ ) corresponding to the left and right sectors. The structure constant f M N L , the nondegenerate group metric, η M N are extended as follows. Another metricη M N is introduced to define the Virasoro operator.
Then we double the affine Lie algebras generated by the covariant derivative (2.18) and the one by the symmetry generator (2.19). Doubled affine Lie algebras are given as below:
• Symmetry generator⊲ M :
• The covariant derivative⊲ I and the symmetry generator⊲ I commute with each other,
The signature of the Schwinger term ∂ σ δ(2 − 1) in (2.31) corresponds to the left or right chirality. Two-dimensional diffeomorphisms are generated by the Virasoro operators, H τ and H σ . The Virasoro operators and the Virasoro algebras are given by
The two-dimensional diffeomorphisms of a function of double coordinates Φ(Z M ) are given by
(2.36)
The two dimensional left and right derivatives are given by
Therefore the covariant derivatives satisfy the left or right chiral conditions as
which comes from chiral property of the doubled coordinates 
Similar relations hold for other currents. Let us consider the global O(n,n) transformation where the number of the dimensions of the doubled space is 2n ( M runs 1 to 2n). For a bosonic case n is given as sum of dimensions of P m , S mn and Σ mn , n=d+2×
Its affine Lie algebra (2.31) is transformed covariantly preserving the structure of G×G' as
Under the global O(n,n) transformation the left and right moving modes are mixed and they are no more chiral operators in general. Under the O(n,n) transformation the twodimensional σ-diffeomorphism constraint, H σ , is inert, but the τ -diffeoporphism constraint, H τ , causes the O(n,n) transformation on the gravitational background fields
The O(n,n) transformation is recognized as the coordinate transformation in the doubled space. An group element g(
is transformed under the right multiplicative action of the O(n,n) as
Under the right multiplicative action which is denoted as
the left-invariant one form J = g −1 dg and the right-invariant one formJ = dgg −1 are transformed as
(2.46)
Then the right-invariant one form is inert under the global O(n,n) transformation, d∆ = 0 ⇒ δJ = 0. Hence the symmetry generator is inert under the global O(n,n) transformation which rotates the covariant derivative.
Bosonic string action in doubled space
We begin with the nondegenerate Poincaré algebra including both the Lorentz generator and its nondegenerate partner [22, 28] . Then it is doubled to construct chiral affine Poincaré algebras [26, 27] [18]- [20] . Concrete expression of the covariant derivatives and the symmetry generators for the left and right moving modes are given. The dimensional reduction constraints are examined on its consistency, chirality and the O(n,n) transformation. A gauge invariant bosonic string action is presented, and dimensional reduction of the doubled space action is demonstrated.
Doubled chiral Poincaré generators
Generators of nondegenerate Poincaré algebra are given by G I = (s mn , p m , σ mn ) with canonical dimensions (0, 1, 2) respectively. The algebra is given as
The nondegenerate group metric is
The nondegenerate Poincaré algebra (3.1) is extended to double affine Lie algebras. The covariant derivatives and the symmetry generators with the constant b IJ solution in (2.25) are given as follows:
• Covariant derivatives:
Flat left : Flat right
• Symmetry generators:
Symmetry generators include coefficients c N M which are given from (2.23) and (2.24) as
Nondegeneracy of the algebra requires only one chirality for flat left covariant derivative
3) and (3.4) are unique representation of the affine nondegenerate algebras (2.18) and (2.19) up to the rescaling of currents.
Rescaled currents with parameters α and β satisfy the following algebra modified from (2.18)
and analogous rescaling for another sector. The usual notation of the left and right moving modes is P m =⊲ P + J
The Virasoro operators for a bosonic string in a flat space, H τ and H σ are given by
They satisfy the Virasoro algebra in (2.35). The two-dimensional chirality is determined by the Virasoro operators (2.40). Then a group element for the nondegenerate Poincaré algebra in (3.1) is parameterized as
The S mn component of the left-invariant current is given by g
Details are in the appendix A.
Concrete expression of the left-invariant current J M and the right-invariant current J M are obtained as follows:
• Right-invariant currents
Detailed computation is given in the appendix B. From the above expression it is obvious that there is no difference bewteen J P andJ P if u is absent. The covariant derivatives∇ M and the symmetry generators∇ M are obtained as follows.
• Covariant derivatives
• Symmetry generators
In order to distinguish∇ P and∇ P , u and v are necessary. Now let us write down concrete expression of the affine algebra generators, (3.3) and (3.4), in terms of (3.11), (3.12), (3.13) and (3.14) as the followings:
Dimensional reduction constraints
In this section the procedure of dimensional reduction of the doubled space into the usual space is presented. The doubled space is defined by the covariant derivatives⊲ M given in (3.3). Fields are functions of the doubled coordinates Z M . This enlarged space contains auxiliary dimensions which are reduced if we impose the following constraints.
Section condition (strong constraint):
In the curved space covariant derivative operators are multiplied with the vielbein superfield E A M [27] , [18] - [20] . It can be orthonormal in the doubled space
The Virasoro operators (3.8) in curved space are given as 20) and they are set to be zero as Virasoro constraints. H σ = 0 is background field independent constraint in the doubled space. Section condition is the σ-diffeomorphism constraint H σ = 0 in the second quantized level on all matrix elements as
This constraint gives rise to the stringy contribution in the "new Lie derivative" [7, 29, 18 ].
Isotropy constraints:
For a coset group G/H, with G=Poincaré and H= Lorentz, Lorentz coordinates are suppressed by the isometry constraints [22, 27, 18 ]
These isotropy constraints are just particle covariant derivatives in (3.3),∇ S = ∇ S ′ = 0, for a constant solution b IJ in (2.25). It allows gauging away the local Lorentz parameters.
Dimensional reduction constraints:
For nondegenerate pairs of generators (S mn , Σ mn ) and (S m ′ n ′ , Σ m ′ n ′ ), Σ mn and Σ m ′ n ′ are auxiliary dimensions so these dimensions should be reduced. But Σ mn = Σ m ′ n ′ = 0 cannot be imposed as first class constraints, since they do not commute with the isotropy constraints (3.22) . Instead symmetry generators can be imposed as first class constraints [3, 27, 18, 20] 
These constraints become covariant derivatives (3.4), and∇ Σ = 0 =∇ Σ = 0 from (3.13) and (3.14) for a constant solution b IJ in (2.25). It allows gauging away Σ and Σ ′ parameters.
Left/right mixing dimensional reduction constraint :
We also impose further dimensional reduction constraint which mixes the left and right sectors to reduce the doubled space into the usual space. Covariant derivatives P m and P m ′ are dynamical degrees of freedom with the Virasoro constraints, while one combination of symmetry generators can be used as a first class constraint [27] 
A commutation relation between constraints in (3.24) requires the dimensional reduction constraintsΣ mn =Σ m ′ n ′ = 0 in (3.23)
where the Schwinger term cancels out only for γ 2 = 1. If the constraint is chosen as P m −P m ′ = 0 with γ = −1 , then the sum of the left and right momenta corresponds to the total momentum for a usual spaceP m +P m ′ .
Summarizing the above, dimensional reduction constraints for a bosonic string in the double coordinates space are isotropy constraints (3.22) , dimensional reduction constraints (3.23) and the left/right mixing dimensional reduction constraint (3.24) in addition to the section constraint (3.21).
The two-dimensional diffeomorphisms are modified with the dimensional reduction constraints as
The covariant derivatives are still manifestly chiral up to the trivial Lorentz rotation 27) but not the symmetry generators in general. Now we go back to the T-duality symmetry. Let us examine the global O(n,n) transformation on constraints. The section condition H σ = 0 is inert under the global O(n,n). The dimensional reduction constraintsΣ mn =Σ m ′ n ′ =P m + γP m ′ = 0 are also inert under the global O(n,n) transformation as shown in (2.46). The isotropy constraints are transformed under O(n,n)∋ O M N ; so we must impose the consistency condition as
The dimensional reduction constraintsΣ mn =Σ m ′ n ′ = 0 coincide with Σ mn = Σ m ′ n ′ = 0 in the unitary gauge (3.3) and (3.4). Then analogously to the above
From the orthonormal property an O(n,n) matrix must satisfies
As a result the survived symmetry is O(d,d), O P P , which is the T-duality symmetry in the usual space.
Bosonic string action
The Hamiltonian for a bosonic string in the doubled space is given by
An action for the bosonic string is given by
In this section we obtain an gauge invariant action without specifying a solution for B field. From (2.21) and (2.25) we use
and the similar relations for the right sector. In general M I J = (L −1 R) I J is triangular matrix from the relation of canonical dimensions. The orthonormality of M I J leads to the orthonormality of M P P S P Σ
where * 's denote nonzero elements. The matrices M P P and M P ′ P ′ are Lorentz rotation matrices, and they are functions of only Lorentz parameters with the canonical dimension 0. The triangular property of M I J leads tõ
(3.36)
Using (3.34) and (3.36) the Lagrangian becomes sum of the kinetic part L 0 , the WessZumino terms L W Z , the boundary of the Wess-Zumino terms L W Z;0 and constraint part L const :
by redefining Lagrange multipliers as
Variation of the action with respect toμ P gives the left/right mixed dimensional reduction constraint
M P ′ P is a Lorentz rotation matrix which relate the left and the right spaces where the similar matrix is introduced in [25] . After integrating out both P and P ′ the kinetic part becomes
where α and β are parameters for normalization in (3.6) and (3.7). Two Lagrange multipliers correspond to the worldsheet metric as
As a result the gauge invariant action for a bosonic string based on the double nondegenerate Poincaré algebra is given by 
The gauge invariance generated by the above first class constraints is preserved.
Gauge fixing
Corresponding to the first class constraints (3.43) we can choose the following gauge fixing conditions. For the isotropy constraints (3.22) and the dimensional reduction constraints (3.23)
the simplest gauge is an unitary gauge
Let us introduce two kinds of coordinates as
where X m and Y m correspond to the usual space coordinate and the dual coordinate respectively. The unitary gauge (3.44) allowsJ 
They become the usual "dual coordinate relation"
, we set only one of them to be zero,P −P ′ = 0. This is the left/right mixed dimensional reduction constraint which allows the following gauge fixing condition on Y m .
Then the momentum operators become
where P m and P m ′ are the left and right moving modes in the usual space and theP m +P m ′ is the total momentum of the space. The section condition (3.21) becomes simpler in the unitary gauge
where ≈ uses the local Lorentz constraints (isotropy constraints). A solution in the second quantized level of (3.46) is given by Ψ(X, Y ) = e i 2 Y ·∂σX Φ(X). The section condition reduces to the usual σ diffeomorphism constraint (3.48) in the simple gauge (3.46) as
There is another simple gauge u = u ′ in such a way that M P ′ P = 1, which gives J 
The second term in (3.49) including the dual coordinate is a total derivative in a flat space. This term gives the first class constraint
. Further simple gauge for the section condition (3.21), Y m = 0, the action reduces to the usual bosonic string action.
Superstring action in doubled space
In this section we construct an gauge invariant action for the type II superstring in the doubled space. At first we present the chiral affine super-Poincaré algebras. The dimensional reduction constraints are extended for a supersymmetric case. Then we write down an gauge invariant action without using a specific solution of B-field.
Doubled chiral super-Poincaré generators
For a superstring we use a nondegenerate super-Poincaré algebra generated by
, 2) respectively. The algebra is given as
The nondegenerate super-Poincaré algebra (4.1) is extended to double affine Lie algebras. The covariant derivatives and the symmetry generators (2.26) are given as follows:
• Symmetry generators: .2) up to the rescaling of currents. Rescaling currents with parameters α and β, in such a way that they satisfy the algebra (3.6), is given as
The same rescaling is done for other sectors.
Superstring action
In this section the supersymmetric extension of the section 3 is presented. The doubled space is defined by the supercovariant derivatives⊲ M which are given in (4.3) and parameterized by doubled super-coordinates Z M . This enlarged space contains auxiliary dimensions which are reduced by a set of first class constraints as same as the bosonic case: 1. the section condition (strong constraints), 2. isotropy constraints and 4. Left/right mixing dimensional constraint are the same as before. Only the condition 3. dimensional reduction constraints for fermions are added.
Dimensional reduction constraints:
In order to describe correct physical degrees of freedom unphysical dimensions introduced by nondegeneracy of the group are eliminated. In order to preserve isotropy constraints and the κ-symmetry, symmetry generator currents are chosen to be constraints to reduce auxiliary dimensions as [27, 18, 20] 
For superstrings the Virasoro constraints are extended to the κ-symmetric Virasoro constraints ABCD constraints [2, 22, 20] as
The same set of constraints for the right sector. First class constraints for a type II superstring in a flat space are ABCD constraints (4.7), isotropy constraints (3.22) , dimensional reduction constraints (3.23) and the left/right mixing dimensional reduction constraint (3.24)
and the similar constraints for the right sector. The Hamiltonian for a type II superstring in T-duality covariant form is given by
The matrices ρ M N are nilpotent metrics introduced to represent BCD constraints [18] (
and the similar relation for the right sector. An action for a type II superstring in the doubled space is given by
The analogous relations in (3.34) and (3.35) hold for a supersymmetric case. From the triangle property of the matrix M I J they are rewritten as
Then the Lagrangian is rewritten as
by suitable redefinition of the Lagrange multipliers similar to (3.38) except ρ's
The first class constraints BCD are included in ρ · D and ρ ′ · D ′ terms in L const . In order to compare it with the Green-Schwarz action we use the second class constraints D µ = D µ ′ = 0 instead of first class constraints BCD = 0. The kinetic term becomes the same as the bosonic one L 0 , while the Wess-Zumino term includes bilinears in the fermionic currents. We impose the fermionic second class constraints in addition to the first class constraints D µ = D µ ′ = 0. The resultant gauge invariant action for a type II superstring in the doubled space is given by
where
The normalization parameter αβ given in (3.6) and (3.7) is natural to set αβ = 2. The Lagrange multipliers ρ and ρ ′ are
Taking variation of the action (4.14) with respect to the super-coordinates Z M the following first class constraints are derived; the fermionic second class and the κ-symmetry first class constraints, Virasoro constraints in (3.8), the isotropy constraints (3.22), dimensional reduction constraints (3.23) and the left/right mixing dimensional reduction constraint (3.24)
Type IIA or IIB is determined by the gamma matrix chiral projection obtained from the algebra between superchargesD µ andD µ ′ and the total Lorentz charge (S −S ′ ) mn . Under the global O(n,n) transformation, S mn and Σ mn components of the O(n,n) matrix are treated as same as the bosonic case (3.30). Its fermionic components, D µ and Ω µ , involve the Ramond-Ramond dimensions Υ µν ′ and µν ′ introduced in [20] . This issue will be discussed in another paper.
In the simple solution for B field in (2.25) the Lagrangian becomes
If further simple gauge M P ′ P = 1 and the constant B field are used, then it reduces into the (p, q)-brane action proposed by Sakaguchi [30] which is obtained from the central extended superalgebra. The manifest SL(2) S-duality is proposed into the (p.q)-brane action [31] . The manifest S and T-duality action will be unified in the F-theory [32] . With the gauge fixing condition J P− i = 0 and ignoring the surface term, it reduces to the usual Green-Schwarz superstring action.
Conclusions
In this paper we have presented general construction of chiral affine Lie algebras generated by the supercovariant derivatives and the symmetry generators for a type II superstring. The covariant derivatives and the symmetry generators have the general form given in (2.26) where the B field is determined from the relation (2.23) and (2.24). There is a constant solution of the B field (2.25) where the nondegenerate group metric and the dilatation operator play essential roles.
The obtained covariant derivatives and symmetry generators become chiral by doubling the Lie group. Chirality is manifest in the doubled space; each coordinate is a function of only the left or right moving coordinate in a string worldsheet as Z M (σ + ) and Z M ′ (σ − ). Nondegeneracy of the group gives the unique chiral representations. The supercovariant derivatives are manifestly chiral even after the dimensional reduction into the usual space.
The doubled space is reduced into the usual space by a set of dimensional reduction constraints. Auxiliary directions introduced for the nondegeneracy of the group are reduced by using symmetry generators, since symmetry generators commute with covariant derivatives. So the local geometry governed by the covariant derivatives is preserved under the dimensional reduction. Therefore the local geometry of the doubled space with manifest T-duality is preserved.
Gauge invariant actions for a bosonic string and a type II superstring in the doubled space are obtained in (3.42) and (4.14) respectively. The resultant actions include the kinetic term, the Wess-Zumino term and the boundary of the Wess-Zumino term. There exists the winding mode contribution through the term J P+ ∧ J P− , which can be gauged away by the constraint.
T-duality transformations on branes in the doubled space and the M-theory and the F-theory extension will be interesting issues. 
B Nonlinear realization of nondegenerate Poincaré groups
The left-invariant one form for a Lorentz group is calculated as follows. Using an abbreviated notation u · s = 
• Right-invariant currents Flat rightJ
(B.5)
They satisfy the following Maurer-Cartan equations.
• The Maurer-Cartan for the left-invariant currents Flat left
(B.6)
• The Maurer-Cartan equations for the right-invariant currents
Flat left
where Lorentz indices are contracted with nearest neighbor indices.
